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Abstract. We consider the stability and instability of periodic traveling waves 
for Korteweg-de Vries type equations with fractional dispersion and other non- 
linear dispersive equations. We establish that a constrained minimizer for the 
related variational problem is nonlinearly stable to period preserving pertur- 
bations. We also discuss when the associated linearized equation admits ex- 
ponentially growing solutions. The proof utilizes the variational structure of 
the equation. 



1. Introduction 

We study the stability and instability of periodic traveling waves for a class of 
nonlinear dispersive equations in one spatial dimension, in particular, equations of 
Korteweg-de Vries (KdV) type 

(1.1) ut- Mu,, + f{u)^ ^0 

in the theory of wave motion. Here t G M is typically proportional to elapsed time 
and a; G M is usually related to the spatial variable in the primary direction of wave 
propagation; u = u(x, t) is real valued, frequently representing the wave profile or a 
velocity. Throughout we express partial differentiation either by a subscript or using 
the symbol d. Moreover is a Fourier multiplier defined as Mu{^) = to(^)u(^), 
characterizing dispersion in the linear motion, while / determines nonlinearity. In 
many examples of interest / obeys a power law. 

Perhaps the best known among equations of the form p.ip is the KdV equation 

Ut + Uxxx + {u'^)x = 

itself, which was first put forward in |Bou77| and |KdV95| to model the unidi- 
rectional propagation of surface water waves of small amplitudes and long wave- 
lengths in a channel; it has since found relevances in other physical contexts such 
as Fermi-Pasta-Ulam lattices. Observe however that (11.11) defines a nonlocal equa- 
tion unless the dispersion symbol m is a polynomial of i^. Examples with nonlocal 
dispersion include the Benjamin-Ono (BO) equation (see jBen67) and |Ono75| ) 
and the intermediate long wave equation (see |Jos77) ). for which m(^) = |^| and 
^coth^— 1, respectively, while f{u) — . Another interesting example corresponds 
to m(^) — (tanh ^) and f{u) = v? , which Whitham in |Whi74] proposed to 
describe "breaking" of surface water waves. 
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A traveling wave solution of takes the form u{x, t) = u{x — ct), where c G M 
and u satisfies by quadrature that 

(1.2) Mu- f{u) + cu + a = 

for some a G M. In other words, it steadily translates at a constant speed without 
changing the configuration. The KdV equation itself is well known to admit peri- 
odic traveling waves expressible in closed form, called cnoidal waves (see |KdV95| . 
for example). Moreover Benjamin in |Ben67| explicitly calculated periodic traveling 
waves of the BO equation. For a broad class of dispersion operators and nonlinear- 
ities, a plethora of periodic traveling waves of may be attained via variational 
arguments. To illustrate this, we will discuss in Section [2] a minimization problem 
for a family of KdV type equations with fractional dispersion. 

Benjamin in his seminal work |Ben72] (see also |Bon75) ) demonstrated that soli- 
tary waves of the KdV equation are nonlinearly stable. By a solitary wave, inciden- 
tally, we mean a traveling wave solution which vanishes asymptotically. Benjamin's 
proof hinges upon the observation that the so-called KdV soliton arises as a con- 
strained minimizer for a suitable variational problem, namely a ground state, and 
utilizes spectral properties of the associated linearized operator. The proof was 
subsequently developed into a powerful stability theory in |GSS87| for abstract 
Hamiltonian systems and led to numerous applications. In the case of m(^) = |^|", 
a ^ 1, and f(u) = vP'^'^ , p ^ 1, in (jl.ip . in particular, solitary waves were shown in 
[BSS87| (see also [SS90| IWei87| ) to arise as energy minimizers subject to constant 
momentum and to be nonlinearly stable if p < 2a, whereas they are constrained 
energy saddles and nonlinearly unstable if p > 2a. 

We will take matters further in Section |4] and establish that a periodic trav- 
eling wave of a KdV equation with fractional dispersion is nonlinearly stable to 
period preserving perturbations, provided that it arises as an energy minimizer 
constrained to conservations of the momentum and the mass. For (local) KdV 
equations with general nonlinearities, henceforth called generalized KdV equations, 
the nonlinear stability of a periodic traveling wave to the same period perturba- 
tions was determined in [JohOQj through spectral conditions, which were effectively 
expressed in terms of eigenvalues of the associated monodromy map (the periodic 
Evans function): see also [APOTl lAPBSM IB.TKllI IDKIOI IDNlOj . Confronted with 
nonlocal operators, however, spectral problems may be out of reach by Evans func- 
tion techniques. We will instead make an effort to replace ODE based approaches 
by functional analysis ones. The program was recently set out in {BH12j : see also 

[LSn8l[JHhT2] . 

As a key intermediate step we will demonstrate in Section |3] that the linearized 
operator associated with (jl.2p is nondegenerate at a periodic constrained minimizer 
for a KdV equation with fractional dispersion. That is to say, its kernel is merely 
generated by spatial translations. The nondegeneracy of the linearization proves a 
spectral condition, which plays a central role in the stability of traveling waves (see 
[Wei87l ILin08| among others) and the blowup analysis (see |KMR12| , for example) 
for the related time evolution equation, and therefore it is of independent interest. 
For (local) generalized KdV equations, the nondegeneracy at a periodic traveling 
wave was identified in |Joh09) with the requirement that the wave amplitude not be 
a critical point of the period, and the property was verified in |Kwo89| . for example, 
at ground states in all dimensions. These proofs utilize shooting arguments and the 
Sturm-Liouville theory for ODEs, and unfortunately they may not be applicable to 
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nonlocal operators. Nevertheless, Frank and Lenzmann in their recent contribution 
[FL12j established the nondegeneracy at ground states for a family of nonlinear 
nonlocal equations, which we will follow. The idea is to find a suitable substitute for 
the Sturm-Liouville theory to estimate the number of sign changes in eigenfunctions 
for linear operators involving fractional derivatives. 

The present development may readily be adapted to other nonlinear dispersive 
equations. We will illustrate this in Section[5]by discussing equations of regularized 
long wave type. Finally, we will remark in Section [S] about Lin's recent approach 
in [LinOSj to linear instability. 



We shall address the stability and instability mainly for the Korteweg-de Vries 
(KdV) equation with fractional dispersion 



where PV stands for the Cauchy principal value and C{a) is an appropriate nor- 
malization constant. 

In the case of a = 2, notably, (|2.H) recovers the KdV equation while in the case 
of a = 1 it corresponds to the BO equation. In the caseQ of a = —1/2, moreover, 
(|2.ip was shown in |Hurl2) to approximate up to quadratic order the surface water 
wave problem in two spatial dimensions in the infinite depth case. As indicated in 
the introduction, (|2.ip is nonlocal for < a < 2. Incidentally, fractional powers of 
the Laplacian occur in many physical systems including quantum mechanics [LY87| 
and wave turbulence |MMT97| . as well as in finances |CSS08) . 

The present treatment may be adapted mutatis mutandis to general power-law 
nonlinearities (see Remark 12.31 for example). We focus on the quadratic nonlinear- 
ity, however, to simplify the exposition. Furthermore the quadratic nonlinearity is 
characteristic of many wave phenomena; we refer the reader to |Whi74| . 

Throughout we will work in the periodic, L^-based Sobolev space setting over the 
interval [0,T], where T > is fixed; but at times it is treated as a free parameter. 
We define a periodic Sobolev space of fractional order as a subspcae of Lp^^.{[0,T]) 
equipped with the norm 



where < a < 2. Throughout, we employ the standard notation (• , •) for the inner 
product on Ll^^{[0,T]). 

Notice that (|2.ip can be written as a Hamiltonian system 



2. Existence of constrained energy minimizers 




where < a ^ 2 and A = \/—d^ is defined via the Fourier transform as Au(^) 
|^|m(^), describing fractional derivatives. For < a < 1, alternatively. 





ut = J6H{u), 



* Note that A°'dx is non singular for a ^ —1. 
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where J = dx is the (singular) symplectic form, 



(2.2) H{u) = (^wA"it - iw^^ dx 

is the Hamiltonian, interpreted as the energy, and 6 denotes variational differenti- 
ation. Notice that (|2.ip possesses in addition to H two conserved quantities 

F 1 

(2.3) P{u) = / -u^ dx 

Jo 2 

and 

(2.4) M{u) = / udx, 



which we refer to as the momentum and the mass, respectively. The conservation of 
P bears out that (|2.ip is invariant under spatial translations thanks to the Noether 
theorem, while M is a Casimir invariant of the flow induced by (|2.ip and is associ- 
ated with the fact that the kernel of the symplectic form is spanned by a constant. 
It is readily verified that 

(2.5) 5P{u) = u and 5M{u) = 1. 
Moreover (|2.1I) enjoys the scaling symmetry under 

(2.6) u(a;,t) A"it(Ax,A"+it) 
for any A > 0. 

Remark 2.1 (Well-posedness) . In the range a ^ — 1 one may work out the local in 
time well-posedness for (|2.ip in iJper """([O, T\) via the usual energy method. Without 
recourse to dispersive effects, the proof is identical to that for the inviscid Burgers 
equation ut + (u^)x = 0. Hence we omit the detail. 

With the help of techniques in nonlinear dispersive equations and specific features 
of the equation, then, the global in time well-posedness for ()2.ip may be established 
m HpeJ^^{[i),T]) in the case of a = 2, namely the KdV equation (see jCKS^OS] ). 
and in ([0, T]) in the case of a = 1, the BO equation (see |Mol08| ). respectively. 
For non-integer values of a, on the other hand, the existence matter for p.ip seems 
not properly understood in spaces of low regularity. In the non-periodic setting, 
the global well-posedness in the energy space was recently settled in |KMR12) for 
p.ip . where 1 < a < 2 and uP^^ is in place of u^, p < 2a, but the proof seems to 
break down in the periodic setting. 

In what follows we will work in an appropriate subspace, say, X of Hplr{[Q, T\), 
where the initial value problem associated with (j2.1l) is well-posed for some interval 
of time and where H^P^M : X ^ M. are smooth. 

A periodic traveling wave of (|2.ip takes the form m(x, t) — u{x ct — xq), where 
c G R represents the wave speed, xq G M is the spatial translate and u is T-periodic, 
satisfying after integration that 

(2.7) A"u -u'^ + cu + a = 

for some a e M (in the sense of distributions). Alternatively it arises as a critical 
point of 

(2.8) E{u; c, a) = H{u) + cP(u) + aM (u). 
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Indeed it is straightforward to show from (|Z!2|) and (|23| . (|2^ (see ([23]) ) that (|2Jl) 
is equivalent to 

(2.9) (5i;(w; c, a) = 0. 

Henceforth we wiU write a periodic travehng wave of p.ip as m = u(- ;c, a). In a 
more comprehensive description, it is specified by four parameters c, a and T, xq 
(see Section |6]). But T > is fixed. Moreover, corresponding to the translational 
symmetry of the equation, xq is inconsequential in the present development. Hence 
we may mod it out. 

In the present notation, a solitary wave, whose profile vanishes at infinity, cor- 
responds to a = and T = oo simultaneously in (j2.7l) . 

In the case of a = 2, periodic traveling waves of (|2.ip . namely the KdV equa- 
tion, are well known to be expressible in a closed form, involving Jacobi's elliptic 
functions (see |KdV95j . for example). In the case of a = 1, moreover, Benjamin 
|Ben67j manipulated the Poisson summation formula and explicitly calculated pe- 
riodic traveling waves of (|2.ip . In general, the existence of periodic traveling waves 
of (11.11) , for a broad range of dispersion operators and nonlinearities including (j2.1l) , 
may follow from variational arguments, although one may lose the explicit form of 
the solution. In the 7J"/^-subcritical case, i.e. a > 1/3, in particular, a family of 
periodic traveling waves of (|2.1|) arises as energy minimizers constrained to conser- 
vations of the momentum and the mass, generalizing ground states in the solitary 
wave setting. 

Proposition 2.2 (Existence, symmetry and regularity). Let 1/3 < a ^ 2 be fixed. 
A minimizer u for H subject to that P and M are conserved exists in HpJr {[0,T]) 
for each < T < +oo and it satisfies (|2.7p for some c ^ and a G R. Furthermore 
u depends upon c and a in the manner. 

Moreover u{- ; c, a) may be chosen to be even and strictly decreasing over the 
interval [0,r/2], andu(-;c,a) € H^^^{[Q,T]). 

Proof. We claim that it suffices to consider a = in ()2.7p . For, otherwise, we claim 
that we may assume without loss of generality that c and M are of opposite sign 
and a ^ 0. Indeed, in the case when c and M are of the same sign, notice that (12. ip 
is time reversible and performing the variable change t ^ —t hi (j2.1l) switches the 
sign of c in (j2.7p while leaving other components of the equation invariant. Once 
we accomplish that c and M are of opposite sign, we integrate (|2.7|) over one period 
and obtain that 

(2.10) -2P + cM + aT ^Q. 

Since P ^ and T > 0, by definition, this proves that a ^ 0. We then devise the 
change of variables u i-> m -I- ^ ( Vc^ + 4a — c) and rewrite (|2.7p as 

(2.11) A"u - -1- 7u = 0, where 7 = \/c2~f4a > 0. 

Incidentally this is reminiscent of that (12. ip enjoys the Galilean symmetry under 
u{x,t) u{x — Xt,t) + A for any A G M. To recapitulate, it suffices to take a = 
(and c > 0) in (j2.7p . Accordingly we seek a minimizer for H subject to constant P. 
(But we shall not a priori assume that a — in the stability analysis in Section |4l) 
Since Hperi[0,T]) in the range a > 1/3 is compactly embedded in Lp^^{[0,T]) 
by a Sobolev inequality, it is standard from techniques in calculus of variations that 
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the minimization problem 

El ^ mi{H{u) + P{u) : u £ H;^1^{[0,T])} 

is attained, say, at ui e iJper^([0, T]). The proof is elementary. Hence we omit the 
detail, but we merely pause to remark that 

1 1 

H{u) + P{u) = - / (u^ + uA"m) dx~ - i dx 

2 Jo 3 Jo 

is weakly lower semi-continuous with respect to the HpJr{[0, T]) norm. Furthermore 
ui satisfies (|2.f ip with 7 = f , the associated Euler-Lagrange equation, in the sense 
of distributions. 

Thanks to the scaling invariance (12.61) , then, the constrained minimization prob- 
lem with parameter (abusing notation) P > 0, 

E = mi{H{u) : u E H^l?{[{),T]), P{u) = P} 

is attained at u S HpJr i[0,T]) if and only if u{x) = A"/^wi(Aa:;) for some constant 
A > chosen to ensure that P{u) = P. Moreover it is immediate that u satisfies 
(|2.1ip for some 7 > 0, serving as the Lagrange multiplier associated with the mo- 
mentum constraint, in the sense of distributions. The existence assertion therefore 
follows. Furthermore it is standard from calculus of variations that u depends upon 
7 and, in turn, c and a in the manner. 

To proceed, since the symmetric-decreasing rearrangement of u strictly decreases 
uA^u dx for < a ^ 2 while leaving dx invariant, it follows from standard 

rearrangement arguments that the minimizer for H subject to conservations of P 
and M must symmetrically decrease away from a point of principal elevation. The 
symmetry and monotonicity assertion therefore follows by virtue of the translational 
invariance of (|2.7p . (Notice that unlike in the solitary waves setting, for which a = 
and T — 00 simultaneously, a periodic energy minimizer under constraints need not 
be positive everywhere.) 

It remains to address the smoothness of a periodic solution of (12.71) , or equiva- 
lently, 

(2.12) u^{h°' + l)-^u'^ 

after reduction to a = and c = 1 and after inversion; the validity of (|2.12p will 
be specified in the course the proof. We first claim that if u € Hplr{[0, T]) satisfies 
(|2.12p then u £ L^^([0,T]). In the case of a > 1 this follows immediately from a 
Sobolev inequality, while in the case of 1/3 < a ^ la proof based upon bounds 
for the resolvant (A" -I- 1)~^ is found in |FL12| Lemma A. 3], for example, albeit in 

the solitary wave setting. Specifically G Lp^.^{[0,T]) for < a < 1 and for 

r > jzr^, whence u £ L^^{[0,T]) after iterating (|2.12p sufficiently many times. 

We then promote u £ HpJr{[0, T])nL^^^{[0, T]) to H^^^{[0, T]), since the Plancherel 
theorem and Young's inequality in the Fourier space manifest that 



\A"u\\l2 - 



A" 2 



A" + 1 



L2 



C||{t||Li||M||L2 C||u||L~|lw|li2 < 00. 
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Here and elsewhere C means a positive generic constant. Similarly 

II \\L A" + l 

and u £ H?^j.{[0,T]) follows successively. □ 



C\\u\\li\\\Tu\\l- ^ C\\u\\l^\\A"u\\l2 < oo, 



In light of Proposition l2.2l we may regard H, P, M and in turn evaluated at a 
periodic, constrained energy minimizer u(- ; c, a) for (12. ip . as functions of c and 
a. We are then permitted to differentiate them with respect to c or a. Evaluating 
()2.9p at a periodic constrained minimizer and differentiating with respect to c and 
a, for example, we obtain that 

(2.13) 5'^E{u)u^ = -5P{u) and 5'^E{u)ua = -5M{u). 

Moreover 

Me(M(- ; c, a)) = {5M (m), u,) = (-(52i;(w)w^, u^) 
(2.14) 

= (wq, -(5 E{u)uc) = (ua, (5P(ii)) = Pa{u{- ; c, a)). 

Incidentally (I2.13P and (|2.14p hold for smooth, periodic traveling waves for abstract 
Hamiltonian systems under certain structural assumptions; details are discussed in 

Remark 2.3 (Extension to power-law nonlinearities) . One may repeat the argu- 
ments in the proof of Proposition l2 . 2l for KdV type equations with general power-law 
nonlinearities 

(2.15) ut - A"m, + {uP+^)^ = 

re 

^ for a < 1, 

1 — a ' 



to obtain periodic traveling waves. Here < a ^ 2 and < p < Pmax is an integer, 
where 



(2.16) 



-oo 



for a ^ I. 



They minimize in HpJr i[0,T]) the Hamiltonian 



^uA"u —uP+^] dx 



.2 p + 2 

constrained to conservations of P and M, defined as in (|2.3p and (12. 4p . respectively. 
The condition < p < Pmax, which is vacuous if a ^ 1, ensures that the nonlinearity 
in (|2J5)) is ff^/^-subcritical and that Hplr{[Q,T]) C LP+2([0,T]) compactly. In 
case p = 1 it is equivalent to that a > 1/3. 

Remark 2.4 (Periodic vs. solitary waves). In the non-periodic setting, Weinstein 
in [Wei87| (see also |FL12) ) demonstrated that (|2.7p in the range a > 1/3 admits a 
solitary wave, for which a = and T — co, by seeking an optimizer in _ff"/^(R) for 
the Gagliardo-Nirenberg-Sobolev inequality 

/ r \2a / r \ / r \ (Q-l)+2a 

(2.17) (yl"!') ^C[j uK^u)[j u^) 

If a > 1/2 so that (|2.7p is L^-subcritical, in addition, a solitary wave agrees with 
a minimizer for the Hamiltonian subject to constant momentum. (In the solitary 
wave setting the mass constraint does not play a role since 5M — 1 ^ L^(IR).) In 
the range a > 1/2, then, periodic constrained minimizers for (|2.ip . constructed via 



8 



HUR AND JOHNSON 



Proposition 12.21 are expected to tend to the solitary wave as the period increases 
to infinity. This in some sense generahzes the notion of the homoclinic limit in the 
classical case of a = 2. 

ifl 1/3 < a < 1/2, on the other hand, constrained energy minimizers, while 
they exist in the periodic wave setting, are unlikely to achieve a limiting state with 
bounded energy (the i7"/^-norm) at the solitary wave limit. Rather the argument in 
[Wei87) will lead to a family of periodic traveling waves of (|2.1|) that each optimizes 
(j2.17p among mean zero functions and which are expected to converge to the solitary 
wave, obtained in IWei87| . as the period increases to infinity. In the range a < 1/2, 
therefore, a periodic Gagliardo-Nirenberg-Sobolev optimizer must be distinct from 
the constrained energy minimizer constructed via Proposition 12.21 

One is able to construct periodic traveling waves of ()l.ip . for a general class of 
dispersion operators and nonlinearities including (|2.ip with a ^ —1, at least for 
small amplitudes, via a perturbative method, e.g. the local bifurcation theory. In 
the solitary wave setting, in contrast, Pohozaev identities techniques dictate that 
((2J|) for a 1/3 does not admit any nontrivial solutions in iJ"/2(M) n L^{M.). 

3. NONDEGENERACY OF THE LINEARIZATION 

Throughout the section we fix a periodic traveling wave u{- ; c, a) of (12.11) . whose 
existence follows from Proposition [221 This section concerns the nondenegeracy of 
the linearization associated with ()2.7p at such constrained energy minimizer. 

Proposition 3.1 (Nondegeneracy) . Let 1/3 < a < 2. Ifu{-;c,a) € HpJri[0,T]) 
for some c ^ 0, a S K and for some T > minimizes H subject to that P and M 
are conserved then the associated linearized operator 

(3.1) S^E{u;c,a)=A°'-2u + c 

acting on Lpg^([0,T]) is nondegenerate. That is to say, 

ker((5^_E(w; c, a)) — spanjuj^}. 

As mentioned in the introduction, the nondegeneracy of the linearization is of 
fundamental importance in the stability of traveling waves and the blowup analysis 
for the related time evolution equation; see ^Wei87 . LinOS, KMR12 among others. 
But to establish the property is far from being trivial, though. For example, one may 
cook up a polynomial nonlinearity, say, f{u) so that the kernel of —9^ + f'{u) at a 
periodic traveling wave u is two dimensional at isolated points. The nondegeneracy 
of the linearization is usually imposed in terms of a spectral assumption, although 
it may be proven in few special cases. 

For (local) generalized KdV equations, the nondegeneracy at a periodic traveling 
wave was shown in |Joh09| to be equivalent to that the wave amplitude not be a 
critical point of the period, with the help of the Sturm-Liouville oscillation theorems 
for ODEs, and it was likewise verified in |Kwo89] . for example, at ground states. 
Amick and Toland in |AT91) demonstrated the property for the BO equation, both 
in the periodic and solitary wave settings, by relating the nonlocal traveling wave 
equation to a fully nonlinear ODE via complex analysis techniques; unfortunately. 



t The stability for the L^-critical equation, i.e. a = 1/2, is rather delicate and it is outside the 
scope of the present development. Instead we refer the reader to |KMR12"] . for example. 
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their arguments are extremely specific to the BO equation. Angulo Pava and Na- 
tah in |APN08| made an alternative proof based upon the theory of totally positive 
operators, but it in essence necessitates an explicit form of the solution. A satisfac- 
tory understanding of the nondegeneracy thus seems largely missing for nonlocal 
equations. The main obstruction is that shooting arguments and other ODE tech- 
niques, which seem crucially important for local equations, may not be applicable 
to nonlocal operators. 

Nevertheless, Frank and Lenzmann in their recent work |FL12| successfully set- 
tled the nondegeneracy at ground states for a family of nonlinear nonlocal equations 
with fractional derivatives. Their idea lies in to find a suitable substitute for the 
Sturm-Liouville theory to count the number of sign changes in eigenfunctions for a 
fractional Laplacian with potential. Our proof of Propositior l3.1l follows along the 
same line as the arguments in jFL12| Section 3] , but with appropriate modifications 
to accommodate the periodic nature of the problem. 

Lemma 3.2 (Oscillation of eigenfunctions). Under the hypothesis of Proposition [3A\ 
an eigenfunction in HpJr{[0,T]) n Cpg^([0, T]) corresponding to the j-th eigenvalue 
of 6^E{u) changes its sign at most j times over the periodic interval [0,T]. 

The regularity assertion of eigenfunctions follows from the last part of Proposi- 
tion see also the discussion in |FL12) . A thorough proof of Lemma is found 
in [FL12) in the solitary wave setting and in |BK04] for a = 1. Here we merely hit 
the main points. 

Note that A", < a < 2, may be viewed as the Dirichlet-to- Neumann operator 
for an appropriate (local) elliptic problem set in the periodic half strip [0,T]per x 
[0,oo). Specifically (see [RS12| Theorem 1.1], for example) 

C{a)A"u= lim y^-"wy{;y), 

where w solves the (degenerate unless a = 1) elliptic boundary value problem 

1 - a 

Alt; H Wy ~0 in [0,T]per x {0,oo), w — u on [0,T]per x {0} 

and C(a) is an explicit constant. Accordingly one derives a variational character- 
ization of (eigenvalues and) eigenfunctions of p.ip in terms of the Dirichlet type 
functional 

f[ \Vw{x,y)\^y^-°' dxdy+ [ {^2u{x) + c)\w{x,0)\^ dx 

J J[0,T]p„x{Q,oo) Jo 

in a suitable function class. The assertion then follows from nodal domain bounds 
a la Courant. 

Next, we gather some facts about 

Lemma 3.3 (Properties of S'^E). Under the hypothesis of Provosition \37T\ the fol- 
lowings hold: 

(LI) Ux € ker(5^£'(u)); moreover it corresponds to the lowest eigenvalue of 
5'^E{u) restricted to the sector of odd functions in ipg^([0,T]); 

(L2) 1 ^ n^{S'^E{u)) ^ 2, where n-(S^E) means the number of negative eigen- 
values ofS'^E{u) acting on Lpg^([0, T]); 

(L3) l,ue Tange{S^E{u)). 
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Proof. Differentiating ()2.7|) with respect to x implies that S^E{u)ux = 0. Moreover 
Proposition 12 . 2 1 ensures that u may be chosen to satisfy Ux{x) < for < a; < T/2. 
On the other hand, the lowest eigenvalue of S^E{u) acting on L^^^, ^j^^{[0,T]) must 
be simple and the corresponding eigenfunction must be strictly positive over the 
interval [0, T/2]; the proof of such a Perron- Frobenious property is elementary and 
hence we omit the detail. Therefore zero is the lowest eigenvalue of S'^E{u) restricted 
-^per oddd^' ^]) ^'^'^ ""^ ^ Corresponding eigenfunction. 

Next, recall that possesses two roots over the periodic interval [0, T] and it 
belongs to the kernel of S'^E{u). Since it is readily verified from Perron- Frobenious 
arguments (see, for example, |RS78] ) that the eigenfunction associated to the small- 
est eigenvalue of S'^E{u) can be chosen to be strictly positive, the operator S'^E{u), 
acting on Lp^j.{[0,T]), has at least one negative eigenvalue. 

Furthermore, since w is a minimizer for H , and hence E, constrained to conser- 
vations of P and M, necessarily, 

(3.2) S'^E{u)\{5P{u),SAI{u)}^ ^ 0- 

This implies by Courant's mini-max principle that 6^E(u) has at most two negative 
directions, asserting (L2). 

Lastly, (f2A3l) and ([231) verify (L3). □ 

Remark 3.4 (Number of negative directions). Unlike in the solitary wave setting, 
where n-{5'^E) = 1 at a ground state, 5^E may have up to two negative eigenvalues 
at a periodic constrained minimizer, characterized as 

n^iS E{u,c,a))-n^ [aMu{- ; c, a)) P.{u{- ; c, aj) ) 

(3.3) =# of sign changes in 1, Ma, MaPc - M^Pa- 
The proof is found in f BH12| . for example. 

With the above preparations, we now prove the main result of this section. 
Proof of Proposition \3.1[ Consider the orthogonal decomposition 

Z/pgr([0, T]) = iper.orfddO; ^] ) ® -^per.euen ( ^])- 

Since u may be chosen to be even thanks to Proposition l2.2[ we note that L^^^ oddii'^' 
and iper,et)en([Oi ^] ) ^"^^ invariant subspaces of 6^E{u). Moreover (LI) of Lemma l3.3l 
implies that 

ker{6'^E{u)\L2^^^^^^(^[o.T])) = span{ux}. 

It remains to show that ker((5^i?(u)|L2^^ ^^^^^qq.t])) = {0}. 

Suppose on the contrary that there were a non-trivial function (p £ Li^er^even ( j ) 
such that 5'^E{u)(j) = 0. Since 5'^E has at most two negative eigenvalues by (L2) of 
Lemma 1331 such (j) changes its sign at most twice over the periodic interval [0,T] 
by Lemma [3.21 Consequently 4) can be chosen to be positive throughout [0,T], or 
else there exists Ti e (0,T/2) such that 4> is positive for |x| < Ti and negative for 
X e (-T/2,Ti) U (ri,T/2). Since (j) is in the kernel of 5'^E{u), on the other hand, 
it must be orthogonal to range((5^£'(u)), and in turn to the subspace span{l, u\ by 
(L3) of Lemma 13.31 In particular 

{4>, au-r) ^0 for all ct, r e R. 
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Taking a — Q and r = — 1 we see that cannot be positive throughout [0,T]. In 
case 4> changes signs at x — ±Ti, noting that u is symmetrically decreasing away 
from the origin over the interval (— T/2,T/2), we may choose r S M so that u — t 
is positive in (-Ti,Ti) and negative in (-T/2,-Ti) U (Ti,r/2), implying that 
cannot be orthogonal to {1, w}. A contradiction therefore asserts that the kernel of 
5^E must consist merely of m^- □ 

One may repeat the argument in the proof of Proposition IS . 1 I mutatis mutandis to 
establish the nondegeneracy at a periodic, constrained energy minimizer for (|2.15p 
for < a ^ 2 and < p < Pmax, where Pmax is in (|2.16p . 

4. Stability of constrained energy minimizers 

We now turn the attention to the stability of a periodic constrained minimizer 
for (|2.ip with respect to period preserving perturbations. 

Recall from Section [5] that the initial value problem associated with (12.11) is well- 
posed in X C HpJri[0,T]) for some interval of time, where H, P, M : X ^ M. are 
smooth. It suffices to take X = H^^^{[0,T]), /? > 3/2. 

Throughout the section let 1/3 < a ^ 2, fixed, and let uo(- , cq, uq) € HpJr{[0, T]) 
minimize H subject to that P and M are conserved for some cq ^ 0, oq G K and for 
some T > 0. In light of Proposition 12. 2[ then, uq G X and it makes a T-periodic, 
traveling wave solution of (|2.ip . 

Notice that the evolution of (12. ip remains invariant under a one-parameter group 
of isometries corresponding to spatial translations. This motivates us to define the 
group orbit of, say, u G X as 

Ou = M- - xo) : xo e M}. 

Roughly speaking, uo(- ;co,ao) is said orbitally stable if a solution of (|2.ip remains 
close to Ouq under the norm of X for all future times whenever the initial datum is 
sufficiently close to the group orbit of uq under the norm of X. We shall elaborate 
on this below in Theorem 14. 11 

The present account of orbital stability is inspired by the Lyapunov method. Let 

(4.1) Eoiu) ^ H{u) + coP{u) + aoM{u). 

Proposition [221 says that 6Eo{uo) = 0. In other words, uq is a critical point of Eq. 
Proposition 13.11 furthermore guarantees that the kernel of S^Eo{uo) is spanned by 
uqx- Accordingly uq is expected to be orbitally stable if Eq is "convex" at uq. As a 
matter of fact, one easily verifies that if the spectrum of 6'^Eo{uq) except the simple 
eigenvalue at the origin were positive and bounded away from zero then uq would 
indeed be orbitally stable. 

But (L2) of Lemma [3.31 indicates that 6'^Eq{uq) has at least one negative eigen- 
value; consequently uq is a nondegenerate saddle of Eq on X. In the solitary wave 
setting, incidentally, S^Eq at a ground state admits exactly one negative eigenvalue. 
In order to control these (at most two) potentially unstable directions, we observe 
that the evolution under ()2.ip does not take place in the entire space X, but rather 
on a smooth submanifold of co-dimension two, along which the momentum and the 
mass are conserved. Specifically let 



(4.2) 



Po = P(wo(- ;co,ao)). 



A/q = M(wo(- ;co,ao)) 
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and let 

Y.o = {ueX : P{u) = Po, M{u) = Afo}. 
Then O^q C Eq and a solution of (I2.ip issued from Eq remains in Sq at all future 
times. The goal of this section is to establish the "convexity" of i?o on Eg. 

Theorem 4.1 (Orbital stability). Let 1/3 < a 2. // mo(-; cq, ao) e Hpir{[Q,T]) 
for some cq ^ 0, oq G M and for some T > minimizes H subject to that P and M 
are conserved then for all s > sufficiently small there exists a constant C{e) > 
such that: if (j) Cz X and \\4>\\x ^ £ o,nd if u[-,t) is a solution of (j2.ip for some 
interval of time with the initial condition 0) = Mq + G Eq then u{-,t) may be 
continued to a solution for all t > such that 

(4.3) sup inf \\u{;t)-uo{--xo)\\x ^CUWx. 

t>o xoeM. 

If in addition, the matrix 

.... fMa{u{-;c,a)) Pa{u{- ; c, a))\ 

^ ' \M,{u{-;c,a)) P,{u{- ■ c, a)) ) 

is nonsingular at uo{- Cq, Oq) then the same conclusion holds for all (p £ X such 
that ^ £■ 

Theorem 14.11 makes rigorous that a periodic, constrained energy minimizcr for 
(|2.ip is orbitally stable with respect to nearby solutions with the same momentum 
and the same mass as the underlying wave, and with respect to arbitrary nearby 
solutions provided that the constraint set Eq is nondegenerate, i.e. (|4.4p is nonsin- 
gular, at the underlying wave. 

A solitarjH wave uo{- ; cq) of ()2.ip (not necessarily a ground state), in comparison, 
was shown in [GSS87| to be orbitally stable provided that 

(4.5) ker{d^Eo{uo)) = span{uoa;}, n-{S^Eo{uQj) ^ 1, Pc(uo(- ;co)) > 0. 

(Notice that the assumption in [GSS87| that the symplectic form of a Hamiltonian 
system be onto is dispensable for the stability; see the remark directly following 
[GSS87[ Theorem 2].) Conditions in g3]) were further verified in f BSSSTj (see also 
[SS901IW87] ) to hold if and only if a > 1/2. RecaU incidentally from Remark [Q 
that in the range a > 1/2 a solitary wave arises as an energy minimizer subject to 
constant momentum. Accordingly Theorem 14 . II mav be regarded as extending the 
well-known result about solitary waves to periodic traveling waves. 

A natural approach toward Theorem l4.1l is to repeat the arguments in the proof 
in |GSS87j and derive a stability criterion analogous to (|4.5|) : see |Joh09| . for ex- 
ample, for (local) generalized KdV equations, where the last condition in (|4.5p was 
suitably modified. But it is difficult to exactly count n-{S^Eo) in the periodic wave 
setting, though (see Remark [3^ . By exploiting that the underlying wave arises as 
a constrained energy minimizer, instead, and utilizing merely the nondegeneracy of 
the linearization, our proof of Theorem 14.11 needs not information about the number 
of negative eigenvalues of other than the upper bound in Lemma 13.31 

In the range a > 1/2 recall from Remark 12.41 that periodic, constrained energy 
minimizers for (|2.ip , which are orbitally stable by Theorem l4.1[ are expected to tend 



* A solitary wave corresponds to a = and T = oo in I I2.7I I. Hence it depends, up to spatial 
translations, merely upon the wave speed. 
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to the sohtary wave as the period increases to infinity, and the limiting sohtary wave 
is orbitally stable as well (see jBSS87| . for example). In the range 1/3 < a < 1/2, 
Theorem l4. II indicates that orbitally stable, constrained energy minimizers for (12. ip 
exist in the periodic wave setting, but they are unlikely attain a limiting wave 
form with finite energy at the solitary wave limit. In light of Remark 12.41 rather, 
periodic Gagliardo-Nirenberg-Sobolev (see p.!?!) ) optimizers, which are expected 
to be unstable at least for sufficiently large periods, will converge to the unstable 
solitary wave as the period increases to infinity. 



The proof of Theorem 14.11 relies upon the coercivity of Eq on Sq in a neigh- 
borhood of the group orbit of uq. In what follows we introduce the semidistance 
p : X ^R, defined by 

p{u,v)= inf \\u- v{- - xo)\\x- 

We may then rewrite (|4.3|) as sup^^g p{u{-, t), ug) ^ C\\u{-, 0) — uo|lx- 

Lemma 4.2 (Coercivity). Under the hypothesis of Theorem \4-l\ there exist e > 
and C(e) > such that i/ u e Sg with p{u, ug) < e then 

(4.6) Eo{u) ~ Eoiuo) > Cp{u, uo)^. 

Proof. The proof closely resembles that of fGS S871 Theorem 3.4] or |Joh091 Propo- 
sition 4.3]. Here we include the detail for completeness. 

Throughout the proof and the following, C denotes a positive generic constant; 
C which appears in different places in the text needs not be the same. 

The implicit function theorem (see |BSS871 Lemma 4.1], for example) implies 
that for £ > sufficiently small and for an e-neighborhood :— {u d X : p{u, uq) < 
e} of Ouo there exists a unique map w : — > M such that 

uj{uq) = and (m(- + w(u)), ug^;) = 

for all u Cz U^. Since Eq is invariant under spatial translations, it suffices to prove 
(|4.6p along the translates u{- + uj{u)). 

Since uq minimizes H , and hence Eq, constrained to that P — Pq and M = Mg, 
necessarily, 

(4.7) S^Eoiuo)\r„ ^ 0, where % = {<5P(ug), SM{uo)}^ 

denotes the tangent space in X to the sub-manifold Eq at ug. We then fix u e UeHTio 
and write 



(4.8) ui- + .(u)) ^uo + CSPiuo) + (C, - C^^§^^^§}p^)SMiuo 

\ {dM(uo),dM(uo)) J 



where Ci, C2 G M and y e (span{ug} U To) n {uqx}^ ■ Note that Ci = C2 = j/ = 
at u = Ug. 

Let (f) — u{- + uj{u)) — Uq and note we may assume that \\4)\\x < £ possibly after 
replacing wg by ug(- — xg) for some Xq € M. Since P and M remain invariant under 
spatial translations, Taylor's theorem then manifests that 



P{u) = P{u{- + L0{U))) = P{uq) + {SP{uq),4>) + 0{U\\\), 
M{u) = M{u{- + u{u))) = M{uq) + (<5M(ug),0) + 0{U\\\). 
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Since ((5M(wo), </>) = C2{SM{uo),SM{uo)) = C2T by g^) and ^ we infer from 
the latter equation in (|4.9p that C2 = O(||0||3f )• Similarly, since 

V (dAf(Mo),'!'A/(wo)) / 

^C"! (||wo|li2^^(0,T]) ^) ^ C'2A^o, 

the Cauchy-Schwarz inequality together with the former equation in (|4.9p and (|2.5p 
yields that Ci = O(|l0||x)- 

Furthermore, the invariance of Eq under spatial translations and Taylor's theo- 
rem lead to 

Eoiu) = Eo{u{- + io{u))) = Eo{uo) + ^{6^Eoiuo)cl),4') + o{\mj,). 

Using (l48t and Ci,C2 = 0(||'/'||x) then find that 

Eo{u) - Eoiuo) = ^{S^Eoiuo)^,^) + o{Ufx) = ^{S^EoMy^y) + 0{Ufx). 

Since kei[{d^Eo{uo)) — spa.n{uQx} by Proposition 13. 1[ moreover, it follows that 

yeTonkcy{S^Eo{uo))^, 

whence using (|4.7p we obtain that {d'^EQ(uQ)y,y) ^ C||j/||3f. Finally a straightfor- 
ward calculation reveals that 



X 



^Mx-cmx 



so that 

So(^^) - Eoiuo) ^ = C\\u{- + uj{u)) ~ uofx > Cp{u, uof , 

as claimed. □ 

Proof of Theorem \4-l\ The proof is similar to that of |Joh091 Lemma 4.1] for (local) 
generalized KdV equations. 



Let £0 > be such that Lemma [421 holds and let e X satisfy p{uo + (j), wq) ^ s 
for some < e < eo sufficiently small. By replacing (j> by 4>{- — xq) for some xq G R, 
if necessary, we may assume without loss of generality that \\(j>\\x ^ £■ Since Uq is a 
critical point of Eo, then, Taylor's theorem implies that Eo{uo + (/)) — Eo{uo) ^ Ce^. 
Furthermore, notice that if mq -I- € Sq then the unique solution u{-,t) of (j2.ip 
with the initial condition u(-,0) = uo + (j) must lie in Sq as long as the solution 
exists. Since Eo{u{-, t)) = Eo{u{-, 0)) = Eo{uo + (p) independently of t, on the other 
hand, Lemma [4.21 implies that p(zt(-, t), wo)^ ^ Ce^ for all t ^ 0. This verifies the 
first part of Theorem 14.11 



In the case where uo + (j) is not required to be in Eq, but that the matrix (|4.4p 
is nonsingular at uo{co, ao), we utilize the nondegeneracy of the constraint set, i.e. 
that the mapping 

(c,a) ^ (P(w(-;c,a)),M(u(-;c,a))) 
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is a period-preserving diffeomorphism from a neighborhood of (cq, ao) onto a neigh- 
borhood of {Po,Mo). We may therefore find c, a G M such that |c| -I- \a\ — 0{e) and 
Ue{' T Co + c, ao + a) is a T-periodic travehng wave solution of (j2.1[) satisfying 

Co + c, ao + a)) = F(uo + (/)) and M{ue{-;co + c,ao + a)) = M{uo + (f>). 

Let 

£'^(u) = Eo{u) + cP{u) + aM{u). 

We may furthermore assume that minimizes subject to that P and M are 
conserved. Accordingly we rerun the argument in the proof of Lemma 14.21 and show 
that 

E,iu)-E,iu,) ^ Cp{u,u,f 

so long as p(it, u^) is sufficiently small. Since is a critical point of moreover, 
E,{u{-,t)) - Ee{u^) = E^{uo + (/))- E^{ue) ^ Ce^ for ah t ^ 0. By the triangle 
inequality we then find that 

p{u{-, t),uof {p{u{-,t), u^f + p{u^, uof) 

^C{E,{u{-,t)) - E,{u,)) + \\u,- uoWx ^ Ce^ 

for all t ^ 0. In other words, uo{- ;co,ao) is orbitally stable to small perturbations 
that "slightly" change P and M. □ 

One may repeat the argument in the proof of Theorem 14.11 mutatis mutandis to 
establish the orbital stability of a periodic, constrained energy minimizer for (|2.15p 
for < a ^ 2 and < p < Pmax , where Pmax is in (|2.16p . 

5. Adaptation to equations of regularized long wave type 

The results in Section [2] through Section |4] may readily be adapted to other non- 
linear dispersive equations with fractional dispersion. To illustrate this, we shall 
discuss equations of regularized long wave (RLW) type 

(5.1) ut - + A"ut -I- (u^)x = 0, 

where < a ^ 2. Here t e M denotes the temporal variable and x e M is the spatial 
variable, u = u{x,t) is real- valued. Recall that A is defined via its multiplier |^| in 
the Fourier space. 

In the case of a = 2, notably, (|5.ip recovers the Benjamin-Bona-Mahony (BBM) 
equation, which was advocated in |BBM72) as an alternative to the KdV equation; 
in particular solutions of the initial value problem for the BBM equation were argued 
to enjoy better smoothness than those for the KdV equation and it was named the 
regularized long wave equation. For other values of a, likewise, (|5.ip "regularizes" 
its KdV counterpart in (j2.ip . In a certain, weakly nonlinear and long wavelengths 
regime, where + Ut — o(l) and both the KdV and the BBM equations usually 
serve as valid models, (|5.ip is formally equivalent to (12.11) . 

The present treatment may extend mutatis mutandis to general power-law non- 
linearities (see Remark l2.3p . but we choose to work with the quadratic nonlinearity 
to simplify the exposition. 

Related stability analysis in the case of a = 1, 2 is found, for example, in [ASBllj 
and |JohlO| . respectively. 
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In the range a ^ one may work out the local in time well-posedness for ()5.ip 
in iJ^g^([0, T]), where /? > max(0, (3 — a)/2), via the usual energy method, corrob- 
orating that (|5.ip regularizes (|2.ip (see Remark l2.ip . The proof is straightforward. 
Hence we omit the detail. On account of the smoothing effect of (1 — d^)~^, then, 
the global in time well-posedness for (|5.ip may be settled in H^(M.), /? ^ 0, in the 
case of a = 2, the BBM equation (see |BT09j . for example). In the periodic setting, 
on the other hand, the existence matter for (|5.ip seems not properly understood in 
spaces of low regularity even in the classical limiting case. For the present purpose, 
however, an adequate short-time well-posedness theory suffices. 

Throughout the section we'll work in an appropriate subspace (abusing notation) 
X of Lpg^([0, T]), where the initial value problem for (15. ip is well-posed at least for 
some interval of time and where T > is fixed. 

Notice that (|5.ip possesses three conserved quantities (abusing notation) 




(5.4) M{u)^[ (1 + A")uda;, 

Jo 

which correspond to the Hamiltonian and the momentum, the mass, respectively. 
Throughout the section we will use H and P, M for those in (|5.2p and (|5.3p , (|5.4p , 
respectively. It is readily verified that H,P,M:X-^M. are smooth and transla- 
tionally invariant. Notice that (|5.ip is written in the Hamiltonian form as 

ut ~ JSH{u), 

where J = {1 + A°')^^dx and recall that S denotes variational differentiation. 

We promptly seek a periodic traveling wave of (jS.ip of the form u{x, t) ~ u{x — 
ct — xq), where c G R, G M and u is T-periodic, satisfying by quadrature that 

(5.5) c{l+K'')u + u~u^ +a = {) 

for some a G M in the sense of distributions. Equivalently it satisfies (again, abusing 
notation) that 

(5.6) 6E{u\ c, a) := 5(H(u) + cP{u) + aM{u)) = 0. 

We write a periodic traveling wave of (j5.ll) as u = u{- ; c, a) with the understanding 
that T > is arbitrary but fixed and we may mod out xq £ M. 

Below we record the existence, symmetry, and regularity properties for a family 
of periodic traveling waves of (|5.ip which arise as energy minimizers subject to that 
the momentum and the mass are conserved. 

Lemma 5.1 (Existence of RLW constrained energy minimizers). Let 1/3 < a ^ 2. 

A minimizer u for H, defined in (j5.2p . constrained to conservations of P and M, 
defined in ()5.3p and (|5.4p . respectively, exists in Hplr ([Q,T]) for each < T < +oo 
and it satisfies (|5.5p for some c 7^ and a € M. Furthermore u depends upon c and 
a in the manner. 
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Moreover u{- ; c, a) may be chosen to be even and strictly decreasing over the 
interval [0,T/2], andu{-]c,a) G H^,.{[0,T]). 

Proof. The proof is nearly identical to that of Proposition 12.21 Indeed if u{x; c, a) 
is T-periodic and satisfies (|5.5p for some c ^ and a e M then 

(5.7) (c+l)u((^)'^"x;l,c2a) 

i^T^Y^" T-periodic and satisfies (|5.5p with c = 1. Therefore we may take c — 1 
in (jS.Sp . which brings us to (|2.7p with c — 2. We omit the remaining detail. □ 

We demonstrate the nondegeneracy of the linearization associated with (|5.6p at 
a periodic, constrained energy minimizer for (|5.ip . 

Lemma 5.2 (Nondegeneracy). Let 1/3 < a ^ 2. Ifu{-;c,a) € Hperi[0,T]) for 
some c 7^ 0, a G R and /or some T > minimizes H constrained to conservations 
of P and M then 

ker((5^_E(w; c, a)) — spanjuj^}, 

where 

(5.8) S^E{u;c,a) = c{l + A"") + l-2u 
is an operator acting on Lp^^{[0,T]). 

Proof. The proof is nearly identical to that of Proposition 13. II Referring to [FL12[ 
Section 3], Lemma [3T2] holds for (|5.8p . Moreover (LI) and (L2) of Lemma l3.3l hold. 
and the main difference from the proof of Proposition 13.11 lies in that 

SP{u) = (1 + A")u and 6M{u) = 1 

in place of p.5|) . 

Evaluating (j5.6p at a constrained energy minimizer and differentiating with re- 
spect to c and a, we obtain that (see (|2.13p ) 

S^E{u)uc ^ -SP{u) and S'^E{u)ua = ~SM{u), 

respectively. Therefore 1, (1 + A")ii G range(^^£'(u)). Unlike SP{u) = m in the KdV 
setting, however, (1 + A")m may not be strictly monotone over [0,T/2]. Appealing 
to (|5.5p . instead, we find that 

c(l + A")w = - w - a, 

which implies that v? — u E Tai\ge{5^E). Moreover a direct calculation reveals that 

5^E{u)u ^ c(l + A")u + u- 2u^ ^ -u^ - a. 

Therefore u G range{S^ E) , asserting (L3) of Lemma [3731 The proof is then identical 
to Proposition 13. II Hence we omit the remaining detail. □ 

Repeating the arguments in the proof of Theorem 14.11 ultimately, we establish 
the orbital stability of a periodic, constrained energy minimizer for (jS.ip . We merely 
summarize the conclusion. 

Theorem 5.3 (Orbital stability of RLW constrained energy minimizers). Let 1/3 < 

a ^ 2 and let uq{- ;co,ao) G HpJr {[0,T]) minimize H, defined in (|5.2p . constrained 
to conservations of P and M , defined in (|5.3p and (j5.4p . respectively, for some 
Co ^ 0, oo G R and for some T > 0. 
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Then for all s > sufficiently small there exists a constant C(e) > such that: 
if (j) ^ X and ^ £ and ifu(-,t) is a solution of ()5.ip for some time interval 

with the initial condition u{-, 0) — uq + (f> Cz X , satisfying 

P{uo + (f>) = P{uo) and M {uq + (f>) = M (uq), 

then u{-,t) may be continued to a solution for all t > such that 

sup inf \\u{-,t) - uq{- - xo)\\^ ^ C'll0l|x- 

t>0 a^oeR 

rr ■ II-,- ,1 , - f Maiu(- -.C-a)) Pa(u(- :c,a))\ . - i , , \ 

It, m addition, the matrix \ ) (( ) ) {{ \ is nonsmqular atunl- ;co,ar)) 

\Mc{u{-]c,a)) Pc{u{-;c,a))J ^ , u, u; 

then the same conclusion holds for all (j) G X such that \\(f>\\x ^ £■ 

6. Remark on linear instability 

We complement the nonlinear stability result in Section |4] (and Theorem l5.3p by 
discussing the linear instability of periodic traveling waves for KdV type equations 

(HH) Ut-Mu^ + f{u)^^0. 

Here is a Fourier multiplier defined as Aiu{^) ~ m{£^)u{£^), satisfying 

(6.1) Cil^r ^ m{0 ^ C2\T for|e|»l 
for some a ^ 1 and some Ci, C2 > 0, while / : R M is C^, 

(6.2) /(O) /'(O) = and lim ^ = c3o. 



Clearly (|2.ip fits into the framework. 

We assume that (jl.ip admits a smooth, four-parameter family of periodic trav- 
eling waves, written u — u{- — xq; c, a, T), where c and a form an open set in R^, 
xo G R is arbitrary (and hence we may mod it out), Tq < T < 00 for some Tq > 0, 
and where u is T-periodic, satisfying by quadrature that 

(III2D Mu~ f{u) + cu + a^O 

for some c, a (in the sense of distributions) . For a broad class of dispersion operators 
and nonlinearities, the existence of periodic traveling waves of (jl.ip may follow from, 
for example, the mountain pass theorem applied to a suitable variational problem 
whose Euler-Lagrange equation is (|1.2[) . We assume that (|l.ip possesses conserved 
quantities 

fT I 

P{u) = / -u^ dx 
Ja 2 

and M{u) = u dx, interpret as the momentum and the mass, respectively. 

The goal of this section is to derive linear instability criteria for periodic traveling 
waves of (|l.ip . which do not necessarily arise as constrained minimizers. In light of 
Theorem 14. 11 a constrained minimizer for (jl.ll) is expected to be nonlinear ly stable 
under the flow induced by (|l.ip under certain assumptions. 

Linearizing (jl.ip about a nontrivial, periodic traveling wave u{-;c,a,T) in the 
frame of reference moving at the speed c, we are led to 

(6.3) Vt=d^L{u)v, where L{u) = M - f (u) + c. 
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We then seek solutions of the form v{x, t) — e^*w(a;) to arrive at the spectral problem 
(6.4) = dxL{u)v, 

where concerning ourselves with same period perturbations as the underlying wave 
we consider L(u) acting on Lp^^{[0,T]) with the domain H"{[0,T]). Intuitively 



u 

is said linearly unstable if the spectrum of L{u) intersects the open right half plane 
of C. 

Theorem 6.1 (Linear instability). Let u(- ; c, a, T) for some c, a G M and for some 
T > Tq > be a periodic traveling wave of (II. ip under the assumptions (j6.1|) and 
(j6.2[) . Assume that the associated linearized operator L{u), acting on Lp^^{[0,T]), 
is nondegerate, i.e. 

(6.5) ker(i(u; c, a, T)) — span{ux}. 

Then (16. 3p admits a nontrivial solution of the form e^*u(x), where v £ i7pg^([0, T]) 
and fi > 0, if 

(1) n^{L{u)) is odd and Pc{u{-;c,a,T)) < 0, or 

(2) n^{L(u)) is even and Pc{u{-; c, a,T)) > 0. 

Recall that n^{L{u)) denotes the number of negative eigenvalues of L{u) acting on 

iper([0,T]). 

A thorough proof is found in [LinOSl Section 4] albeit in the solitary wave setting. 
Here we merely hit the main points. 

It is readily seen that (16. 4p admits a nontrivial solution in 7Jpg^([0,T]) for some 
> 0, namely a purely growing mode, if and only if 

enjoys a nontrivial kernel in Hp^^{[0, T]). The spectra of A'^ are shown to lie in the 
right half plane of C for > sufficiently large, while converges to L{u) strongly 
in Lpg^([0,T]) as /i — > 0+. Eigenvalues of A'^ near fi — in the left half plane are 
then studied from those of L{u) via the moving kernel method. Specifically (16. 5p 
ensures that for /x > sufficiently small there exists a unique eigenvalue of A'^ in 
the vicinity of the origin that depends upon ii analytically. A lengthy yet explicit 
calculation reveals that 

— = and lim 

The linear instability assertion therefore follows since if A^^ has an odd number of 
eigenvalues in the left half plane of C, signaling that the spectrum of crosses 
the origin at some > 0, then a purely growing mode is found. 

The proof works mutatis mutandis for a broad class of nonlinear dispersive equa- 
tions including equations of RLW type, but for which the instability "index" is more 
involved than Pc{u{-]c,a,T))] details are discussed in |Linllj . 

To conclude, we will contrast Theorem l6.1l as it applies to ()2.ip with the stability 
result in Theorem 14 . II near the large period asymptotics. It is not immediately ob- 
vious how Theorem 14.11 and Theorem 16.11 complement each other since Theorem l4.1l 
is variational in nature, appealing merely to the kernel property of Liu), whereas 
Theorem 16. H is in terms of the spectral information of L[u). 

We recall from Remark 12.41 that in the range a > 1/2 periodic traveling waves 
of p.ip constructed as constrained energy minimizers through Proposition 12.21 are 



lim — = and lim -| = -Pc(u(-; c, a, T)). 
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expected to tend to the stable solitary wave as T — >■ oo and a — > simultaneously. 
Thanks to the scaling invariance (|2.6p . by the way, (|2.7p remains invariant under 

u{- ; c, a, T) ^ c"^u(- ; 1, c^^a, c'^/^T). 

Accordingly we may take without loss of generality c — \ and we find that 

P(f , a, T), M(f , a, T), P,(f , a, T),M,{\,a, T) = 0{l) 

for \a\ sufficiently small and T sufficiently large; see [BH12] for the detail. Differen- 
tiating (|2.f op with respect to a and evaluating at a periodic wave near the solitary 
wave limit, furthermore, we use (|2.f4p to obtain that 

Ma = -T + 2Mc = -T + 0{1) < 0. 

Since an explicit calculation reveals that Pc{u{-; c, a, T)) > for \a\ sufficiently small 
and T sufficiently large (see also |BH12j '). it then follows that 

MaPc ~ M,Pa = MaPc " = - P,T + 0(1) < 

near the solitary wave limit. In view of (j3.3p . therefore, we conclude that 

n^{L{u{-;c,a,T)) — I and Pc{u{-;c,a,T))>0 

for \a\ sufficiently small and for T sufficiently large. Consequently Theorem 16.11 is 
unable to conclude linear instability of constrained energy minimizcrs for ()2.1|) near 
the solitary wave limit, which is consistent with the stability result in Theorem l4.1l 
As a matter of fact one may directly appeal to |GSS87j . for example, to show that 
such constrained energy minimizers with large periods and small a = are orbitally 
stable under the ffow induced by (|2.ip . 
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